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P(A,B)

Joint distribution

Conditioning
(slice)

Marginalisation

(sum)

P(A|B)

p(AB)

Jp(A,B)dAdB=1

p(A)=/p(AB)dB



® Relationship between joint, conditional, and
marginal probability

p(A,B) =p(A|B)* p(B) product rule

joint conditional marginal



Bayes rule

P(A,B)=p(A|B)*p(B) productrule
I
p(B,A)=p(B|A)*p(A) Pproductrule

|

p(AB)=p(B|A)*p(A)/p(B)
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Bayesian modelling
and inference

y :data
a : parameters of a model y=F(a)

p(aly)=p(y|a)™*p()/p(y

infer model
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Graphical models

p(a,b) start with a joint distribution

p(a,b)=p(a|b)p(b) decompose it using the product rule

i draw it using arrows instead of |

@

P(a’b)zp(b‘a)P(a) C]D note that | could have done this
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Graphical models

P(a,b,c,d,e) let’s try a longer joint distribution
p(a,b,c,d,e)=p(alb,c,d,e)p(b,c,d,e) | can decompose it like this
p(a,b,c,d,e)=p(a|b,c,d,e)p(b|c,d,e)p(c|d,e)p(d|e)p(e) Keep going

(4)
@ draw it using arrows instead of |

i

\d

Directed acyclic graphs
Bayesian networks
Directed graphical models
Belief networks

terminology



Graphical models

C
(4 O

P(a,b,c,d,e)=p(a|b,c,d,e)p(b|c,d,e)p(c|d,e)p(d|e)p(e)
¢ /

@)

P(a,b,c,d,e)=p(a|b,c)p(b|c)p(c|d)p(d|e)p(e) G%> @
v

C
removing dependences @
= creating causa
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Graphical models

()
p(a,b,c,d,e)=p(a|b,c)p(b|c)p(c|d)p(d|e)p(e)

Observing one node

p(a,b,d,e|c)=p(a,b,c,d,e)/p(c)

p(a,b,d,e[c)=p(alb,c)p(b[c)p(c|d)p(d|e)p(e)/p(c)



Generative models

where we observe the leaves

(and try to make inference on the rest)



An abstract example

(a)
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An abstract example

(a)
(b @ * p(y,2,b) = p(y|a,b)p(2)p(b)

p(a,bly) = p(y.a,b)/p(y) (product rule)
p(a,bly) = p(y|a,b)p(2)p(b)/p(y) ~ (from the graph)
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A concrete example

Generative model

y =a + noise

noise ~ Normal(0,s?)

» y ~ Normal(a,s?)

prior for a = Uniform(0, |)
prior for s2 = Gamma(l, )

(@)
OO

end

sig2(i) =
a(i)
y(i)

random( '
= random( '
random(

g
u
n

amma',1,1);
nif',0,1);
ormal',a(i),sqrt(sig2(i)));
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N
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A concrete example

P(a,s%]y) = p(yla,s?)p(2)p(s2)/p(y)

N

Normal(y|a,s2)* Uniform(0, | )*Gamma(l, | )*cst

Vo[-0 exp (—s%)




A concrete example

P(a,s%]y) = p(yla,s?)p(2)p(s2)/p(y)

N

Normal(y|a,s2)* Uniform(0, | )*Gamma(l, | )*cst

\%eXp [— (x282a)2] 1 exXp (—32)
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e Designing a model
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Generative model for a T Iw image

| = voxel

Yi = Intensity
yi ~ N(mo,s0?)  ifiinclass O
yi ~ N(my,s12)  ifiinclass |
yi ~ N(m2,s22)  ifiin class 2

yi ~ N(mi,sk2)  ifiin class k
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Generative model for a T Iw image

- )
; / all k)
\_/

o

9 aIInJ

~

~




Generative model for a T Iw image

£
)

p(Yn|zn=k{m’s},{s’s}) = N(mi,sk?)

aIInJ
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Example inference algorithm
(if uniform priors)

o
atD

. all n

—~ mk = mean(y; for i in class k)
iterate | | s2c = var(yi for i in class k)

zi = argmax [ p(yi | z=k ,mi,sk) ]




Example inference algorithm
(if uniform priors)

o
atD

. all n

—~ mk = mean(y; for i in class k)
iterate | | s2c = var(yi for i in class k)

zi = argmax [ p(Yi | z=k ,my,sk) ]

Note: this only gives point-estimate, not distribution (not Bayesian!)
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e Bayes in FSL



Structural

BET: brain extraction

FAST: tissue segmentation

FIRST: subcortical segmentation
FLIRT: linear registration

FNIRT: nonlinear registration
FUGUE: EPI unwarping

SIENA: atrophy analysis

FSL-VBM: grey matter density

MSM: multimodal surface registration

Functional

FEAT: model-based FMRI analysis
MELODIC: model-free FMRI analysis
FIX: Artefact cleanup

FLOBS: optimal HRF basis functions
FABBER: perfusion analysis
PROFUMO: model-free FMRI analysis
FLICA: multimodal analysis

FMRIB Software Library

Diffusion

Bedpostx: diffusion

Probtrackx : tractography

TBSS: voxelwise DTI analysis

Eddy: distortion correction

Topup: distortion correction
XTRACT: automated tractography

Other tools

FSLeyes: display tool
Randomise: inference
PALM: inference
BIANCA: lesion detection
Brain atlases

POSSUM: FMRI simulator

FSLUTILS misc. utilities
e.g. fslmaths, fslstats, etc.



FSL: FMRIB Software Library

Structural Diffusion
* Bedpostx: diffusion
e FAST: tissue segmentation * Probtrackx : tractography

e F|IRST: subcortical segmentation

e XTRACT: automated tractography

Other tools

Functional
* FEAT: model-based FMRI analysis
e MELODIC: model-free FMRI analysis

FLOBS: optimal HRF basis functions
FABBER: perfusion analysis
PROFUMO: model-free FMRI analysis
FLICA: multimodal analysis




FAST - segmentation

Each voxel i is assighed a
class z;=c, where c is one of

fCSF, GM, WM}
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FEAT - first level

joint posterior likelihood (GLM) priors

p(Bs, 05| Ds) o< p(Ds|Bs, 03)p(Bs)p(a?)

p(Bs|Ds) = /p(ﬁs,Ug\Ds)P(ﬁs)dﬁs Marginal posterior for beta
(cope)

p(o5|Ds) = /p(ﬁs,OEIDs)p(Ug)dag Marginal posterior for sigma”2

(varcope)



FEAT - second level

o
o \3\@

for all subjects s

p(all params|all data) oc p(B,)p Hp (Ds|Bs,02)p(Bs]Bg, 75)p(0%)



FEAT - second level

o
o

\3\9

for all subjects s

p(all params|all data) o< p(3,)p Hp (Ds|Bs,02)p(Bs]Bg, 75)p(0%)

Integrate over subjects using summary
statistics from first level



BEDPOSTX - diffusion model

noise o
nuisance

variables

For every voxel:

fibre orientations data




RUBIX - data fusion

® RUBIX - Resolutions unified with Bayesian
inference on Xing fibres




RUBIX - data fusion

® RUBIX - Resolutions unified with Bayesian
inference on Xing fibres

high bvalue for high contrast >

low bvalue but good localisation >




RUBIX - data fusion

Multi-modal
orientation

prior Set of possible

@ orientations

s
©
58
=R <= Which of the above
E g :%O orientations are present
& in this high res voxel
o
8 | AYir) Y
aP el N
&
0
Z
High res data Low res data

Sotiropoulos, |Jbabdi, Behrens et al. |IEEETMI 2013



ASL: biophysical priors

Generative Model
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Figure from Woolrich et al. (2009)
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MEG: Diego’s Hidden Markov
Models




FLAME: biophysically constrained HRF
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e Derivation

e Data fusion



| am going to be using Gaussian
distributions from now on

® Notation: p(x|m,s2) = N(x|m,s?)
® variance s? = |/precision = |/b

® N(x|m,s2) = N(x|m,1/b)

1 - (x —m)?
N(z|m, 32) — \/27.‘_82 CXP ( )

N(z|m,1/b) = \/gexp | b(x—zm) |




Graphical models

Data fusion

Y|=U +noise

Y2=U+V +noise
Y Y2 Y3 Y3=V +noise

(U[Y1,Y2,Y3) = ?



Graphical models

Data fusion

Y|=U +noise

Y2=U+V +noise
Y Y2 Y3 Y3=V +noise

(U[Y1,Y2,Y3) = ?

p(Y1|U) = N(U|Y,1/by)
p(Y2|U,V) = N(U+V|Y2, |/b2)
P(Y3|V) = N(V|Y3,1/b3)



Graphical models

Data fusion

Y|=U +noise

Y2=U+V +noise
Y Y2 Y3 Y3=V +noise

(U[Y1,Y2,Y3) = ?

p(Y1|U) = N(U|Y,1/by)
p(Y2|U,V) = N(U+V|Y2, |/b2)
P(Y3|V) = N(V|Y3,1/b3)

For simplicity: p(U)=p(V)=1 (uniform priors)
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Two useful facts about the
Gaussian distribution

N(x[a, I/b) = N(a|x, /b)

N(x|a, I/b)N(x|c, 1/d) = N(x]...,.b+d)N(a|c, | /b+1/d)

If interested in X, then it's a Gaussian
If you're not interested in x, then the integral is a Gaussian
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Y|=U +noise P(YI U)=N(Y||U,|/b|)
Y2=U+V +noise P(Y2 U+V)=N(Y2|U+\/, I /bz)
Y3=V +noise P(Y3 V)=N(Y3|\/’ I/b3)

P(UVY1,Y2,Y3)=p(Y:1[U)p(Y2|U,V)p(Y3|V)p(U)p(V)
P(UIY1,Y2,Y3) =< [p(UVY1,Y2,Y3)dV

P(UIY1,Y2,Y3) o [p(Yi|U)p(Y2|U,V)p(Y3|V)dV
p(U]Y1,Y2,Y3) o [N(Y1|U, 17/b))N(Y2|U+V,1/b2)N(Y3|V,1/b3)dV



Graphical models

Data fusion

Y|=U +noise P(YI U)=N(Y||U,|/b|)
Y2=U+V +noise P(Y2 U+V)=N(Y2|U+\/, I /bz)
Y3=V +noise P(Y3 V)=N(Y3|\/’ I/b3)

P(U,V.Y1,Y2,Y3)=p(Y1{U)p(Y2|U,V)p(Y3|V)p(U)p(V)

P(UIY1,Y2,Y3) =< [p(UVY1,Y2,Y3)dV
P(U[Y1,Y2,Y3) = [p(Y1{U)p(Y2|U,V)p(Y3|V)dV

p(U
p(U

Y1,Y2,Y3) o [N(Y1]U,17/b)N(Y2|U+V, 1 /ba)N(Y3([V,1/b3)dV
Y1,Y2,Y3) & N(Y1[U, 1/b1) [ N(V[Y2-U, 1/b2)N(V|Y3, 1/b3)dV



Graphical models

Data fusion
Y1=U +roie p(Y1]U)=N(Y|U, 1/b1)
Y2=U+V +noise P(Y2 U+V)=N(Y2|U+\/,I/b2)
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P(UV,Y,Y2,Y3)=

P(Y1{U)p(Y2|U,V)p(Y3|V)p(U)p(V)

P(UIY1,Y2,Y3) =< [p(UVY1,Y2,Y3)dV
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P(UV,Y,Y2,Y3)=

P(Y1{U)p(Y2|U,V)p(Y3|V)p(U)p(V)

P(UIY1,Y2,Y3) =< [p(UVY1,Y2,Y3)dV
P(U[Y1,Y2,Y3) = [p(Y1{U)p(Y2|U,V)p(Y3|V)dV

P(U|Y1,Y2,Y3) o [N(Y|U,1/b,
P(U|Y1,Y2,Y3) =< N(Yi|U,I/by)
P(U|Y1,Y2,Y3) < N(Yi|U,l/by).

YN(Y2|U+V, 1/b2)N(Y3|V, 1 /b3)dV

SN(V[Y2-U, 1/b2)N(V|Y3,1/b3)dV

NV )N(U[ Y2 Y3, 1 /b2 + 1 /b3)dV

(UIY1,Y2,Y3) < N(U[Y 1, 1/b1)N(U|[Y2-Y3, | /ba+ 1 /b3)
=N(U|(b1Y1+(Y2-Y3)b23)/(bi1+b23), bi+b23)

b23=b2b3/(b2+b3)



Let’s stare at this posterior

P(U[Y1,Y2,Y3)

N{U| DY (Y2-Y3)b23 /iy +55))
b1+b23

b23=b2b3/(b2+b3)



Let’s stare at this posterior

YI =U +noise
Y2=U+V +noise
Y3=V +noise

P(U[Y1,Y2,Y3)

N{U| DY (Y2-Y3)b23 /iy +55))
b1+b23

b23=b2b3/(b2+b3)

imagine Y3 has lots of noise: b3=0, i.e. b23=0, i.e. p(U|Y1,Y2,Y3)=N(U|Y,1/b))



Outline

e Derivation

o Kalman Filter



Y|

Markov models

hidden states

Yk

Yitl | oo

observations

Xk discrete : Hidden Markov Model (HMM)
Xk continuous : State-Space Model



Markov models

hidden states

Yk-1 Yk Yitl | ooe Observations

Joint (from model structure) . p(all) — n p(Ylek)P(Xlek-l)



Markov models

Yk-1

Yk

Y+l

o(YiXK) = N(Yk | Xi I1/b)
P(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

equivalently

Xic = Xk-1 + noise(0, 1/bo)

“observation eq”

“state evolution eq”



Markov models

Yk-1

Yk

Y+l

o(YiXK) = N(Yk | Xi I1/b)
P(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

P(Xlel,---,Yk) =

equivalently
Yi = Xk *+ noise(0,1/b) “observation eq”
Xk = X1 + noise(O, I/bO) “state evolution eq”

What is the posterior distribution of the states Xy
given the data so far?



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Vit Yk Y|




(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yk-1

Yk

Yk+| cee

P(Xi| Y 1oty Yie 1, Yi) = P(Yi [ Xie Y 15000y Y1) P(Xi] Yty Yic-1)

Bayes’ rule



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yk+| s

Y1

Y

P(Xi| Y 1oty Yie 1, Yi) = P(Yi [ Xie Y 15000y Y1) P(Xi] Yty Yic-1)

P(Xi|Y 1oty Yie 1, Yi) = P(Yic | Xk Y bty Yice1) P(XKk| Y1500 Yice1)

Bayes’ rule

Graph



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yk+| s

Y1

Y

P(Xi| Y 1oty Yie 1, Yi) = P(Yi [ Xie Y 15000y Y1) P(Xi] Yty Yic-1)

P(X| Y150y Yie- 1, Yi) = (Y [ Xiyommmrtrmt) P(Xk| Yooy Yice1)

Bayes’ rule

Graph



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yk+| s

Y1

Y

P(Xi| Y 1oty Yie 1, Yi) = P(Yi [ Xie Y 15000y Y1) P(Xi] Yty Yic-1)

P(X| Y150y Yie- 1, Yi) = (Y [ Xiyommmrtrmt) P(Xk| Yooy Yice1)

P(Xk|Y 15eees Yi-1, Yi) = P(Yic [ Xi) P(Kk| Yh5eees Yice1)

Bayes’ rule

Graph



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yk- | Yk Yk-o- | cee

P(Xi| Y 1oty Yie 1, Yi) = P(Yi [ Xie Y 15000y Y1) P(Xi] Yty Yic-1)

P(X| Y150y Yie- 1, Yi) = (Y [ Xiyommmrtrmt) P(Xk| Yooy Yice1)

P(Xk|Y 15eees Yi-1, Yi) = P(Yic [ Xi) P(Kk| Yh5eees Yice1)

update prediction

Bayes’ rule

Graph



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yicl Yk Yir) | ooe

P(Xik|Y 150y Yie1, Yi) = P(Y i [ Xk Y 1500y Yie1) P(Xi| Y 15005 Yiee1)

P(X| Y150y Yie- 1, Yi) = (Y [ Xiyommmrtrmt) P(Xk| Yooy Yice1)

P(Xk|Y 15eees Yi-1, Yi) = P(Yic [ Xi) P(Kk| Yh5eees Yice1)

update prediction

PXi|Y 1500, Yie1) = S PORIXi1,Y 1y Yie )P (Kb 1] Y 150y Y1) dX e

Bayes’ rule

Graph

Sum rule



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Y1 Y Yir) | ooe

P(Xik|Y 150y Yie1, Yi) = P(Y i [ Xk Y 1500y Yie1) P(Xi| Y 15005 Yiee1)

P(X| Y150y Yie- 1, Yi) = (Y [ Xiyommmrtrmt) P(Xk| Yooy Yice1)

P(Xi| Y1500y Yie1, Y1) = P(Yic [ Xi) P(Ki| Ygeees Yice1)

update prediction

PXi|Y 1500, Yie1) = S PORIXi1,Y 1y Yie )P (Kb 1] Y 150y Y1) dX e

P(Xk|Y 1oy Yie1) = P(Xi| X)) P(Kicc 1] Y 15100y Yicet) dX e

Bayes’ rule

Graph

Sum rule

Graph



(1) p(Yi[Xi) = N(Yi | X, 1/b)
(2) p(Xi|Xk-1) = N(Xk | Xk-1, 1/bo)

Yicl Yk Yir) | ooe

P(Xik|Y 150y Yie1, Yi) = P(Y i [ Xk Y 1500y Yie1) P(Xi| Y 15005 Yiee1)

P(X| Y150y Yie- 1, Yi) = (Y [ Xiyommmrtrmt) P(Xk| Yooy Yice1)

P(Xi| Y1500y Yie1, Y1) = P(Yic [ Xi) P(Ki| Ygeees Yice1)

update prediction

PXi|Y 1500, Yie1) = S PORIXi1,Y 1y Yie )P (Kb 1] Y 150y Y1) dX e

P(Xk|Y 1oy Yie1) = P(Xi| X)) P(Kicc 1] Y 15100y Yicet) dX e

Markov  previous posterior

Bayes’ rule

Graph

Sum rule

Graph



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke

JIN(Xi-1] Xk, 1 /b0) N (K- 1|ak-1, 1 /bi-1) dXii




Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke

JIN(XKie 11X 1/b0) N (X1 |ake-1, 1 /bie-1) dX k-

IN(Xi-t]+esee)N(Xi| k-1, 1 /bo+ 1/bi) d X



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke
= [ N(Xk-1]X, 1/bo) N (K1 |ak-1, 1 /bk-1) dXk-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|
= N(Xk|ak-1,1/bo+1/bk-1)



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke
= [ N(Xk-1]X, 1/bo) N (K1 |ak-1, 1 /bk-1) dXk-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|

= N(Xk|ak-1, | /bo+ | /bk-1)
| /Br-1




Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke

JIN(XKie 11X 1/b0) N (X1 |ake-1, 1 /bie-1) dX k-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|

= N(Xk|ak-1, | /bo+ | /bk-1)
| /Br-1

In other words: prediction has mean ai.| (previous state) and variance = |/bw.1+1/bo




Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke

JIN(XKie 11X 1/b0) N (X1 |ake-1, 1 /bie-1) dX k-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|

= N(Xk|ak-1, | /bo+ | /bk-1)
| /Br-1

In other words: prediction has mean ai.| (previous state) and variance = |/bw.1+1/bo

POXi Y 15eees Yie1, Y1) = P(Yic [ Xi) P(Kk| Y15eees Yice1)



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke
= [ N(Xk-1]X, 1/bo) N (K1 |ak-1, 1 /bk-1) dXk-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|

= N(Xk|ak-1, | /bo+ | /bk-1)
| /Br-1

In other words: prediction has mean ai.| (previous state) and variance = |/bw.1+1/bo

POXi Y 15eees Yie1, Y1) = P(Yic [ Xi) P(Kk| Y15eees Yice1)
= N(Xi|Yi | 1/b) N(Xi|ak-1, | /Bk-1)



Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke
= [ N(Xk-1]X, 1/bo) N (K1 |ak-1, 1 /bk-1) dXk-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|

= N(Xk|ak-1, | /bo+ | /bk-1)
| /Br-1

In other words: prediction has mean ai.| (previous state) and variance = |/bw.1+1/bo

POXi Y 15eees Yie1, Y1) = P(Yic [ Xi) P(Kk| Y15eees Yice1)
= N(Xi|Yi | 1/b) N(Xi|ak-1, | /Bk-1)
= N(Xi|(bY«k + Br-1ak-1)/(b+ Bi-1), 1/(b+Bk-1))




Let’s pretend that  p(Xk1[Y 1, Yie1) = N( Xict, A, 1/bic1)

P(Xi|Y 1500, Y1) = T Kk Xk )P (Kb 1] Y 150105 Yice1) dX ke
= [ N(Xk-1]X, 1/bo) N (K1 |ak-1, 1 /bk-1) dXk-

= JN(Xk-1]-eesee)N(Xi|ak-1, 1 /bo+ 1 /b)) dXi-|

= N(Xk|ak-1, | /bo+ | /bk-1)
| /Br-1

In other words: prediction has mean ai.| (previous state) and variance = |/bw.1+1/bo

POXi Y 15eees Yie1, Y1) = P(Yic [ Xi) P(Kk| Y15eees Yice1)
= N(Xi|Yi | 1/b) N(Xi|ak-1, | /Bk-1)

= N(Xi|(bY + Bi-1ak-1)/(b+ Bi1), 1/(b+Bi-1))
Ak I/bk




P(Xi| Y150 Yic-1, Y1) = P(Yic [ Xi) P(Ki| Yigeee Yot
= N(Xi|(bYk + Bk-1ak-1)/(b+ Bk-1), 1/(b+Bk.1))
Ak | /b

(1) P(YiXi) = N(Yic | Xi, 1/b)
(2) p(Xi|Xk-1) = N(Xi | X1, 1/bo)

Yk’l Yk Yk+| e




P(Xi| Y150 Yic-1, Y1) = P(Yic [ Xi) P(Ki| Yigeee Yot
= N(Xi|(bYk + Bk-1ak-1)/(b+ Bk-1), 1/(b+Bk.1))
Ak | /b

dk — dk-1 + b/bk(Yk'ak- I) update: new mean is previous mean + weighted error term.

bk = b+bobk.1/(bo+bk.1)

(1) P(YiXi) = N(Yic | Xi, 1/b)
(2) p(Xi|Xk-1) = N(Xi | Xi1, 1/bo)

Vi \[} Yih) | ooe
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weather data - Oxfordshire (1929-1949)
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months

(D) p(Yi|Xk) = N(Yk | Xk, 1/b)
(2) p(XKi|Xk-1) = N(Kk | Xie-1, 1/bo)

Yice |

\ [

Yi-1




b=measurement noise precision
bO=state noise precision
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Ok - lots of integrals, what have we learnt!?

® Graphs => conditional posteriors

® Exact inference requires integration
(Gaussians are helpful)



How to do inference!

o Acwey
o speed

Numerical Integration

Posterior Approximation

 Number of model parameters

Full Rejection
evaluation| | sampling

MCMC

Conjugate Priors?

yey

Vo

Variational
Bayes

Laplace/
Approximate
Variational bayes

Woolrich et al. 2009



Keep your model and your
inference separate from each
other!

design model

@ @ @ @ THEN decide on inference
e @ e :@ —

Numerical Integration Posterior Approximation
4 N[ Y
G ~ Number of model parameters Conjugate Priors?
Y ¥
Laplace/

| |Relection| |y, ~mc Variational
aaaaaaaaaaaaaaaaaaaaaaa

Variational bayes

write desired conditionals

e.g. p(X|Y1...Yk)



The end.



